1st Year Exam: Numerical Analysis, April, 2025.
Do 4 (four) problems.

T

Consider the function g(x) = e~

(a) Prove that g is a contraction on G = [In1.1,1n 3].
(b) Prove that g maps G = [In1.1,In3] into G = [In1.1,1n 3].

(c) Prove that xp11 = g(zg) converges to an unique fixed point z € G = [In1.1,In3] for any
initial value xp € G = [In1.1,1n3].

Based on ui(x) = 1,us(x) = z,us(z) = 22, use Gram-Schmidt orthogonalization process to
compute the three polynomials wi(z), wa(x), ws(x) which are orthonormal on the interval [0, 1]
with respect to the inner product (f,g) = [, ! f(z)g(z)dz. Using these polynomials, find the best
1
2,

approximation in P?[0, 1] for f(z) ==

Counsider the finite difference formula

F/(63) = T £t = 2h) = 8F (15 — )+ 8(t5 + B) = f(t; + 21)] + O(h).

(a) Derive this formula by using Taylor’s theorem.

(b) Derive this formula by using Lagrange polynomial representation.

A~

Assume the numerical quadrature for f(Z) on [0, 1] is

Derive the numerical quadrature of J(f) = fab f(z)dx

Consider numerically solving the initial value problem

v (t) = f(t,v), 0<t<ty withy(0) =n.

Assume f is sufficiently differentiable and let h denote the step size. Show that all convergent
members of the family of methods

sz + (6 2yusr + (1= Oy = A6 +6) oo + 36~ 2) ],

parameterized by 6, are also Ap-stable.



