
Second Semester Algebra Exam January 4, 2022

Answer four problems. You should indicate which problems you wish to
have graded. Write your solutions clearly in complete English sentences.
You may quote results (within reason) as long as you state them clearly.

1. Let R be a ring with 1 and let I ⊂ R be a proper (2-sided) ideal in
R. Prove that there is a maximal ideal M of R which contains I.

2. Prove that the ring Z[
√
−2] = {a+ b

√
−2 : a, b ∈ Z} is a Euclidean

domain.

3. For each of the following polynomials f(X) ∈ Q[X], either prove
that f(X) is irreducible or give a nontrivial factorization of f(X).

(a) f(X) = X4 − 6X2 + 15X − 21

(b) f(X) = X4 − 6X2 + 15X − 23

(c) f(X) = X4 +X3 +X2 +X + 1

4. Let R be a ring with 1, let F be an R-module, and let S be a subset
of F such that every y ∈ F can be written uniquely in the form
y =

∑
x∈S axx where ax are elements of R all but finitely many of

which are 0. Prove that for every R-module M and every function
φ : S → M there is a unique R-module homomorphism Φ : F → M

such that Φ|S = φ.

5. Give a representative for each conjugacy class in the group GL3(F2),
where F2 = Z/2Z is the field with two elements.

6. Let E/F be a field extension and let α ∈ E. Prove that if [F (α) : F ]
is an odd integer then F (α2) = F (α). Give an example where
[F (α) : F ] is an even integer and F (α2) 6= F (α).


