
Probability Exam May, 2008

Name: UFID:

(First) PLEASE PRINT (Last) PLEASE PRINT

1. Let F be a sigma field. Two random variables X and Y satisfy

E[Y 2|F ] = X2, E[Y |F ] = X

Show that X = Y a.s.

2. Let X and Y be two independent random variables with the same probability distribution

F (x). If (X + Y )/
√

2 has the same probability distribution F (x), then

F (x) =
∫ x

−∞

1√
2π

e−
y2

2 d y

3. Let fn(x1, · · · , xn) be the probability density function of the random vector (X1, · · · , Xn) and

gn(x1, · · · , xn) be the probability density function of the random vector (Y1, · · · , Yn). We

define

Zn =
gn(X1, · · · , Xn)
fn(X1, · · · , Xn)

,

if fn(X1, · · · , Xn) > 0, otherwise Zn = 0. Show that {Zn, n = 1, 2, · · ·} is a supermartingale.

4. Let X1, X2, · · · be a sequence of i.i.d random variables with mean 0 and variance σ2 < ∞. If

Sn = X1 + X2 + · · ·+ Xn, then

lim
n→∞

E
[ |Sn|√

n

]
=

√
2
π

σ.

5. Let Bt be a standard Brownian motion and define

Dn = max
n≤t≤n+1

|Bt −Bn|

Prove that Dn/n converges to 0 probability one.
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6. Consider square integrable random vectores

Y =
(
y(1), y(2), · · · , y(d)

)
and

Yn =
(
yn(1), yn(2), · · · , yn(d)

)
n ∈ N

which satisfy

lim
n→∞

E
(
|yn(j)− y(j)|2

)
= 0 for j = 1, 2, · · · , d

Show that the mean of Yn converges to the mean of Y , and the covariance matrix of Yn

converges to that of Y .

7. Suppose that {Xt} and {Yt} are both standard Brownian motion and are independent. Let

Ft denote the σ-field σ
(
Xs, Ys | s ∈ [0, t]

)
. Prove that

Zt = X2
t Yt −

∫ t

0
Yu du

is an Ft-martingale.

8. Let F be a sub-sigma field of G and Z be a nonnegative random variable defined on probability

space (Ω,G, P) with EP[Z] = 1. Define

Q(A) =
∫

A
Z d P for A ∈ G

a). Show that Q is a probability measure on (Ω,G).

b). For a random variable X, we have

EQ[X|F ] =
EP[ZX|F ]
EP[Z|F ]
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