PH.D QUALIFICATION EXAMINATION ON PARTIAL
DIFFERENTIAL EQUATIONS, 2010

NAME:

1. Suppose u € CZ(R™ x [0,T]) N C(R™ x [0, T]) solves
Ut — ZZj:l aijﬁiju = 0, in R”x (0, T]

u=g on R"x{t=0}.

where (aij)nxn is a positive definite, symmetric constant matrix, g is a given
smooth function. Suppose in addition that

u(z,t) < A"z e R te [0,T]
for some a, A > 0. Prove
sup u =supg.

R"x[0,T) R

2. Let u solve
U — Uge =0 Ry x (0,00)

u=g, w=h on Ry x{t=0},

u=0 on {xr=0}x(0,00).

where g, h are smooth, given functions of x such that ¢g(0) = h(0) = 0.
Write the explicit expression of u.

3. Let B; be the unit ball in R™ (n > 3), p € (1,-2%) and « € (0,1),

' n—2

show that there exists a C' depending only on n, p, a such that
1
([ tpda) < Conpa) [ [vup)
Bl Bl

for all u € H'(B) that satisfy the following property:
H{z € B1; wu(x) =0} > a|B|.

4. Suppose u € C? solves
Ut — Au=0 in R"x (0,00)
Fix zg € R™, tg > 0 and consider the cone

C={(z,t); 0<t<ty, |rx—xo|<to—1t }.
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2 NAME:
Prove that if u = u; = 0 on B(xg,tp) x {t =0}, then u =0 in C.

5. Let (ai;j(x))nxn be smooth, symmetric on By and there exist 0 < A < A
such that

AeP < Z a;j(2)&&; < A|E]?, Vz e By, VEeR™
1,j=1
Let b;(i = 1,2..,n), ¢ and f be smooth functions on By. Show that there
exists 0 > 0 such that if
0ill Lo (By) + ey <0 i=1,.,n
then there exists a smooth function u that solves the Dirichlet boundary
problem uniquely:

= 2 ij=1 Oilaij(2)05u) + 350, bi(2)du(x) + c(z)u(z) = f, B,
u=0, on 0Bj.

6. Let {u;,} be a sequence of smooth functions satisfying u,,(z) < C and
|Auy,| < C for some constant C' uniformly over Bj, the unit ball. Prove
that over By s, along a subsequence, either u,, converges to —oo uniformly,
or U, converges to a function u in C? norm.

7. Let {aij}nxn (n > 2) be a positive definite, symmetric, constant ma-
trix, b1, .., by, ¢ be smooth functions on Bj, the unit ball in R™. Show that
the minimum of the following variational form

I(w) = /Zal]8w8w+2b8ww+cw)daz, w € HY(B)
B

1g,5=1

under the constraint: || B, |w|? = 1 can be reached by a smooth function.



