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1. Suppose u ∈ C2
1 (ℝn × [0, T ]) ∩ C(ℝn × [0, T ]) solves⎧⎨⎩

ut −
∑n

i,j=1 aij∂iju = 0, in ℝn × (0, T ]

u = g on ℝn × {t = 0}.
where (aij)n×n is a positive definite, symmetric constant matrix, g is a given
smooth function. Suppose in addition that

u(x, t) ≤ Aea∣x∣2 , x ∈ ℝn, t ∈ [0, T ]

for some a,A > 0. Prove

sup
ℝn×[0,T ]

u = sup
ℝn

g.

2. Let u solve ⎧⎨⎩
utt − uxx = 0 ℝ+ × (0,∞)

u = g, ut = ℎ on ℝ+ × {t = 0},

u = 0 on {x = 0} × (0,∞).

where g, ℎ are smooth, given functions of x such that g(0) = ℎ(0) = 0.
Write the explicit expression of u.

3. Let B1 be the unit ball in ℝn (n ≥ 3), p ∈ (1, 2n
n−2) and � ∈ (0, 1),

show that there exists a C depending only on n, p, � such that

(

∫
B1

∣u∣pdx)
1
p ≤ C(n, p, �)(

∫
B1

∣∇u∣2)
1
2 ,

for all u ∈ H1(B1) that satisfy the following property:

∣{x ∈ B1; u(x) = 0}∣ ≥ �∣B1∣.

4. Suppose u ∈ C2 solves

utt −Δu = 0 in ℝn × (0,∞).

Fix x0 ∈ ℝn, t0 > 0 and consider the cone

C = { (x, t); 0 ≤ t ≤ t0, ∣x− x0∣ ≤ t0 − t }.
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Prove that if u ≡ ut ≡ 0 on B(x0, t0)× {t = 0}, then u ≡ 0 in C.

5. Let (aij(x))n×n be smooth, symmetric on B1 and there exist 0 < � < Λ
such that

�∣�∣2 ≤
n∑

i,j=1

aij(x)�i�j ≤ Λ∣�∣2, ∀x ∈ B1, ∀� ∈ ℝn.

Let bi(i = 1, 2.., n), c and f be smooth functions on B1. Show that there
exists � > 0 such that if

∥bi∥L∞(B1) + ∥c∥L∞(B1) ≤ � i = 1, .., n

then there exists a smooth function u that solves the Dirichlet boundary
problem uniquely:⎧⎨⎩

−
∑n

i,j=1 ∂i(aij(x)∂ju) +
∑n

i=1 bi(x)∂iu(x) + c(x)u(x) = f, B1,

u = 0, on ∂B1.

6. Let {um} be a sequence of smooth functions satisfying um(x) ≤ C and
∣Δum∣ ≤ C for some constant C uniformly over B1, the unit ball. Prove
that over B1/2, along a subsequence, either um converges to −∞ uniformly,

or um converges to a function u in C2 norm.

7. Let {aij}n×n (n ≥ 2) be a positive definite, symmetric, constant ma-
trix, b1, .., bn, c be smooth functions on B1, the unit ball in ℝn. Show that
the minimum of the following variational form

I(w) =

∫
B1

n∑
i,j=1

(aij∂iw∂jw +
∑
i

bi∂iww + cw2)dx, w ∈ H1
0 (B1)

under the constraint:
∫
B1
∣w∣2 = 1 can be reached by a smooth function.


