
Ph.D. Combinatorics Exam — May 2013

Answer all questions.

1. State and prove the Erdős-Szekeres theorem on monotone subsequences in permutations.

2. The 12 edges of a cube are each colored one of two colors, and two such colored cubes are considered
equivalent if one can be rotated so that its edge colors agree with the other. Compute the number
of equivalence classes of these colored cubes.

3. How many monic polynomials of degree n are there over Zp[x]? How many have no roots in Zp?
(Note that two polynomials are considered to be the same if they have the same coefficients, and
these coefficients are elements of Zp.) Hint: Use inclusion-exclusion.

4. State and prove Hall’s Marriage Theorem.

5. Recall that R(k, `) is the minimum integer n such that every graph on n vertices contains either
a clique (complete subgraph) on k vertices or an independent set on ` vertices. Prove that R(k, `)
is finite for all k and `.

6. Prove that R(k, k) > 2k/2 for all k. Hint: Consider a random graph.

7. Let gn be the number of permutations of length n in which each cycle is of length three or longer.
Find the exponential generating function of the numbers gb. Then, determine lim

n→∞
gn/n!.

8. Let tn be the number of rooted plane trees on n unlabeled vertices in which no vertex has more
than two children. Find the ordinary generating function of the numbers tn. Then determine the
exponential growth rate of the sequence tn. (Just to verify your understanding of the definition
of tn, check that t0 = 0, t1 = t2 = 1, t3 = 3, and t4 = 9.)


