PuD AnAvYsis ExaM, JANUARY 2017

DO SIX OF EIGHT. ANSWER EACH PROBLEM ON A SEPARATE SHEET
OF PAPER. WRITE SOLUTIONS IN A NEAT AND LOGICAL FASHION, GIVING
COMPLETE REASONS FOR ALL STEPS.

(1) Suppose (X, .#) and (Y, .#") are measurable spaces, & C A4 and f: X —
Y. Show, if the o-algebra generated by & contains 4" and f~(E) € .4
for all £ € &, then f is .# — .4 measurable.

(2) Suppose (X, .#, 1) is a measure space, f : X — [0,00) is measurable and
Jx [ < oo. For positive integers n, let £, = {f < n}. Show,
(a) the sequence ([, f) converges to [ f;
(b) for each € > 0 there is a positive integer M such that

/ [ <e
B,

(c) for each € > 0 there is a § > 0 such that if £ € .# and p(E) < 6,
then fEf < €.

(3) Let (X,.#,p) be a measure space with completion (X,.#,%). Show, if
f X — Ris @ measurable, then there exists a ;1 measurable g : X — R

such that g({z € X : f(z) # g(z)}) = 0.

(4) Given f € LY([0,1]), let g(z) = [ L2 dt. Show g € L'([0,1]) and

/Olg(:p) dz = /01 F(t) dt.

(5) Let X be a normed vector space (over C). Suppose M C X is a closed
subspace and x € X \ M. Prove the subspace N' = M + Cz is closed in
X. Prove if £ C X is a finite dimensional subspace, then L is closed in X.

(6) Suppose (X, .#,u) is a o-finite measure space. Prove the set of simple
functions in L?(p) is dense in L?(p).

(7) State the Baire Category Theorem. Suppose X is a Banach space. Prove
that, as a vector space, X does not have a countable basis. Show there
is no norm || - || on cgp such that the normed vector space (co, || - ||) is a
Banach space.



(8) Suppose (X, ., u) is a o-finite measure space. Recall that the mapping
A L®(p) — L'(p)* defined, for g € L=(u), by g — A, : L'(u) — C
where, for f € L'(p),

A(f) = /X fadp,

is an isometric isomorphism. Prove the following special case of this duality
result.

Suppose (X, .#, 1) is a finite measure space. Let L (u) denote the real
Banach space of real-valued functions in L'(p). Suppose A € Lg(u)* (the
dual space) and A(f) > 0 for each f € L (u) such that f > 0 (pointwise).
Prove there is an integrable function g : X — R such that

Af) = /X fgdu.



