Ph.D. Algebra Exam January 5, 2015

Answer seven problems. You should indicate which problems you wish to
have graded. Write your answers clearly in complete English sentences.
You may quote results (within reason) as long as you state them clearly.

1.

Let L/K be an algebraic field extension and let R be a subring of L
which contains K. Prove that R is a field.

. Let E C C be the splitting field of X® — 1 over Q. Determine the

Galois group G = Gal(E£/Q). For each subgroup H < G determine
the fixed field E of H.

(a) Let C be a category and let A be a set. For each A € A let
X) be an object in C. Give the definition of a coproduct of the
collection of objects { X} ea-

(b) Let C be the category of commutative rings with 1, with mor-
phisms being unitary ring homomorphisms. Prove that for any
R,S € C, the ring R ®z S is a coproduct of R and §.

Prove that the group G defined by the generators and relations
G=(z,y|a’ =y yry = x)

is isomorphic to the quaternion group Qs.

. Prove that Q ®z Q and Q ®g Q are isomorphic as Q-modules.

Let M be a nontrivial divisible Z-module. Prove that M is not a
projective Z-module.

Let R be a commutative ring with 1. Prove that the following con-
ditions on R are equivalent:

(a) If Iy D I, D ... are ideals in R then there is £ > 1 such that
I; = Ij for all j > k.

(b) Every nonempty set of ideals in R contains an element which is
minimal with respect to inclusion.

Let R be an integral domain whose unique maximal ideal M is princi-
pal and satisfies N, M"™ = {0}. Prove that R is a discrete valuation
ring.



9. Let K = Q(V/5)
(a) Give an explicit description of the integral closure of Z in K.
(b) Give an explicit description of the integral closure of Z[3] in K.

10. Let D be a division ring and let M,, (D) be the ring of n X n matrices
with entries in D. Prove that the only two-sided ideals in M, (D)
are {0} and M, (D).

11. Let R be a ring with 1 such that every short exact sequence of left
R-modules splits.

(a) Prove that every left R-module M is a direct sum of simple
submodules.

(b) Prove that R, considered as a left R-module, is a finite direct
sum of simple left ideals.



