
Ph.D. Algebra Exam May 18, 2010Answer seven problems. You should indi
ate whi
h problems you wish tohave graded. Write your answers 
learly in 
omplete English senten
es.You may quote results (within reason) as long as you state them 
learly.1. Prove that every �eld has an algebrai
 
losure.2. (a) Determine a splitting �eld K for the polynomial X8�1 2 Q [X℄.(b) Determine Gal(K=Q ) and give an expli
it des
ription of the a
-tion of Gal(K=Q ) on K.(
) For ea
h subgroup H of Gal(K=Q ) �nd the sub�eld of K �xedby H.3. Let E and F be �elds su
h that 
har(E) 6= 
har(F ). Let V be ave
tor spa
e over E and let W be a ve
tor spa
e over F . Prove thatV 
ZW is trivial.4. (a) Give the de�nition of a 
ovariant fun
tor from a 
ategory C to a
ategory D.(b) Give the de�nition of a 
on
rete 
ategory.(
) De�ne what it means for an obje
t F in a 
on
rete 
ategory tobe free on a set S.(d) Given a set S, 
onstru
t a free obje
t on S in the 
ategory ofpointed sets.5. (a) De�ne what it means for an R-module M to be inje
tive.(b) Let fM� : � 2 �g be a nonempty 
olle
tion of inje
tive R-modules. Prove that the produ
t Q�2�M� is inje
tive.6. Let F be a free group on a set S with jSj > 1. Prove that F is notsolvable.7. Let R be a 
ommutative Noetherian ring with 1 and let I � R bean ideal. Prove that I has a primary de
omposition.8. Let S be a 
ommutative ring with 1, let R be a subring of S whi
h
ontains 1S, and let x 2 S. Suppose there is a subring T � S su
hthat T � R[x℄ and T is �nitely generated as an R-module. Provethat x is integral over R.



9. Prove Noether's Normalization Lemma: Let k be a �eld and let A bea �nitely generated k-algebra with 1. Then there are y1; : : : ; yq 2 Asu
h that y1; : : : ; yq are algebrai
ally independent over k and A isintegral over k[y1; : : : ; yq℄.10. (a) Prove that every nonzero proper ideal in a Dedekind domain isa produ
t of prime ideals.(b) Give an example of an integral domain R and a nonzero properideal I � R su
h that I 
annot be expressed as a produ
t ofprime ideals.11. Let G be a �nite group of order n and let F be a �eld.(a) Prove that if 
har(F ) - n then for every F [G℄-module V andevery F [G℄-submodule W � V there is an F [G℄-submoduleW 0 � V su
h that V =W �W 0.(b) Show that if 
har(F ) j n then there exists an F [G℄-module Vand an F [G℄-submodule W � V su
h that there is no F [G℄-submodule W 0 � V su
h that V =W �W 0.


