Ph.D. Algebra Exam -~ September 2001
Time allowed: 240 minutes

Do seven of the following eleven problems. Please do not turn in more than seven
problems.

Read all the problems before starting to do any of them. The problems do not have to
be attempted in the order they are listed. You must show your work. Answers with no work
and/or no explanations will receive no credit. State clearly any theorem you use in your
proofs.

In the problems, Z, resp. Q, C, is the set of all integers, resp. of all rational numbers,
of all complex numbers.

1. Show that any finite group of order 280 is solvable. You may assume that every group
of order p°q®, where p and g are primes, is solvable.

2. Prove or disprove the following statement: “Let G be group and H a normal subgroup
of G. Suppose that H and G/H are both nilpotent. Then G is nilpotent.”

3. Let A, B be two 3 x 3 matrices over a field F. Suppose that A* = B? = 0, and

rank(A) = rank(B). Prove that A is similar to B. Is the statement true for 4 x 4 matrices
9 .

4. Let M be the ring of 2 x 2 matrices over Q (under the usual matrix addition and
multiplication). Let A € M be a matrix whose characteristic polynomial is not irreducible
over Q. Show that the subring Cp(4) ;== {X e M | XA = AX} is not a field.

5. Let A be a commutative ring with identity. Suppose that M and N are free A-modules
of rank m and n, respectively. Prove that if M ~ N then m = n.

6. Let F be a ring with identity. Prove that a direct sum of left R-modules is projective
if and only if each summand is projective.

7. Let G be a subgroup of the multiplicative group of nonzero elements of a field F.
a) Suppose G is finite. Prove that G is cyclic.

b) Is the conclusion in (i) still true if G is not assumed to'be finite? Justify your answer.
8. Compute the Galois group over Q of

a) ° — 3;

b) (z* — 5)(z? + 3).

. 9. Let £ € C be a primitive 15" root of unity in C, and let F = Q(9).

a) Show that F/Q is a Galois extension and describe the structure of the Galois group
Ath (F)

b) Let 7 be a primitive 41' root of unity in C. Is F contained in Q(n) ? Justify your
answer.

10. State and prove the Hilbert Basis Theorem.

11. Classify (yp to ring isomorphism) all semisimple rings of order 720.



