Ph.D. Algebra Examination
(9/17/91)

Please read through all the questions before you begin, Your seven best
solutions will count. You may quote standard results (within reason) as long
as you make it clear that you are doing so and state them clearly.

1. Prove that, if F is a field, the group of upper triangular n by n
matrices (n>l) with entries in F and 1 on every diagonal entry is
nilpotent of class n-=l.
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2. Calculate in detail the Galois group of the polynomial x* + 2 over the

field of rational numbers,

3. Prove that the group G of upper triangular 2 by 2 matrices with integer
coefficients is a free nilpotent class 2 group on two generators.

4, Suppose R is a finite commutative ring with identity in with r3 =r for
all re R. Prove that R is a finite direct sum of fields, each of which is
isomorphic to Z2, or 24 .

5. State and prove Hilbert’s Basis Theorem. Let R=Z[x,,x,,...] be the ring
of polynomials in countably many independent variables with integer
coefficients. Is R Noetherian? Justify your answer.

6. Let G be a group and H be a normal subgroup of G, and assume that the
center of H is the identity. Show that the following are equivalent:

a) There is a subgroup J of G such that G is the (internal) direct product,
of H and J. ‘

b) For every géG, g induces by conjugation an inner automorphism of H.

Give an example to show that if H had a non-trivial center the two
statements might not be equivalent.

7. Let R be a commutative ring with 1 and S a subset of non-zero divisors of
R such that oés and S is a semigroup. Form the ring of quotients $~'R,
Prove that the prime ideals of S' R are in one-to-one correspondence with
the prime ideals P of R such that PnS=¢g.

8. If R is a commutative ring with identity prove that
(\{ P | P is a prime ideal of R} = ({x£R | x™ =0 for some n>0}.
(use Zorn'’s Lemma).

9, Prove that if F is a free abelian group then each non-trivial subgroup H

of F is free abelian.

(Hint: F=direct sum of Z’s. Well order the copies., Define F(i) to be the sum
of all the copies of Z assigned some j<i. Then F(j+1)/F(j)> 2 and the union of
all the F(i) is F. Now consider H(i)=HN F(i). Prove that H({(i+l1l)/H (i) is
isomorphic either to 2 or to {0} and that the union of all the H(i) is H).

10, Prove that if k is a field then the power series ring k{[Ix]] in one
variable is a discrete valuation ring.
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11. Let R be a ring with identity and let A be a right-R-module and B a
left-R-module. Define A®g B. Let

0 — N—mm M ——> L — 0
be an exact sequence of left-R-modules. Show that
A@KN —_ A@RM —_ A@RL —> 0

is exact. Give an example to show that the first map need not be injective.



