
PHD EXAM - COMPLEX ANALYSIS, AUGUST 2021

Solve at most five of the following problems. Each problem is worth
20 points for a total maximum score of 100 points. Please explain your
work in a careful and logical way. You can use any theorem, identity,
functional equation contained in the syllabus for the complex analysis
qualifying examination. Please make sure to state precisely any result
or theorem you are using in your solutions. Failing to do so may result
in a lower grade.

Problem 1

Use calculus of residues techniques to evaluate the following improper
integral ∫ ∞

−∞

1

x6 + 1
dx.

Problem 2

Consider the polynomial P (z) = z4 + 6z + 3. How many zeros does
P (z) have inside the circle of radius 2 centered at the origin? Let γ be
the circle of radius 2 centered at the origin oriented counterclockwise.
Compute ∫

γ

1

P (z)
dz.

Problem 3

Find an explicit analytic isomorphism between the first quadrant in
the complex plane

Q1 := {z ∈ C | Im(z) > 0, Re(z) > 0}
and the upper half-plane H. Finally, find an explicit analytic isomor-
phism between Q1 and the unit disc D.
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Problem 4

Show that an analytic isomorphism of the open unit disc D onto
itself with two distinct fixed points must be the identity map.

Problem 5

State the Fundamental Theorem of Algebra and give a detailed proof
of it using tools and techniques from complex analysis.

Problem 6

Let f : C → C be an entire injective function. Show that f is of
the form

f(z) = az + b, a, b ∈ C, a 6= 0.

Problem 7

Let {fn} be a sequence of holomorphic functions on a open set U .
Assume that the sequence {fn} converges to a limit f in the sup norm
on any closed domain in U . Show that f must be holomorphic in U .

Problem 8

Show that the function ψ(z) := z + 1/z is an analytic isomorphism
between Ω1 := C\ D̄ (the complement of the closed unit disc in C) and
Ω2 := C \ [−2, 2] (C with the closed segment [−2, 2] removed). Finally,
give an example of a non-constant, bounded, holomorphic function on
Ω2.

Problem 9

Let Γ(z) the Euler gamma function. Recall this is a meromorphic
function over C we defined via the infinite product

Γ(z) =
e−γz

z

∞∏
k=1

(
1 +

z

k

)−1
e

z
k ,
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where γ is the Euler constant. Find the poles of Γ(z) and compute
their residues.


