PHD EXAM - COMPLEX ANALYSIS, MAY 6 2021

Solve five of the following problems. Each problem is worth 20 points
for a total maximum score of 100 points. Please explain your work in a
careful and logical way. You can use any theorem, identity, functional
equation proved in class during Fall 2020 and Spring 2021. Please make
sure to state precisely any result or theorem you are using in your so-
lutions. Failing to do so may result in a lower grade.

Problem 1

Let T'(z) the Euler gamma function. Recall this is a meromorphic
function over C we defined via the infinite product
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where v is the Euler constant. Compute the integral
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where Cj5(0) is the circle of radius 5/2 centered at the origin oriented
counterclockwise.

Problem 2

Show that the polynomial z” — 423 + 2 — 1 has three zeros inside the
unit circle (counted with multiplicities).

Problem 3

Let U be a simply connected open subset of C such that U # C.
Show that the group of analytic automorphisms of U, say Aut(U), acts
transitively on U. What happens if U = C?
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Problem 4

Find all entire functions f : C — C such that
ff(z) =2

for all z € C.

Problem 5

Show that if f : C — C is a continuous function such that f is holo-
morphic on C\ [—1, 1] (the open set obtained by removing the closed
interval [—1, 1] from the complex plane), then f is necessarily analytic
everywhere.

Problem 6

Let P(z) be a polynomial with complex coefficients. Show that if the
degree of P(z) is at least two then the sum of residues of 1/P(z) (over
all zeros of P(z)) is zero. What happens if P(z) has degree one?

Problem 7

Consider the open subset of C
E={2eC | |z|>1}.

Does there exist an analytic isomorphism between E and C* := C\{0}?

Problem 8

Let P,(z) be a polynomial of order n such that
|P.(z)| <M, M >0,
for |z] = 1. Show that
|Pn(2)] < M|2["
for |z] > 1.
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Problem 9

Show that there is no meromorphic function over C such that
flz+1)=f(2), [f(z+1)=f(z)
for all z € C, whose only poles are simple poles at the points
m+ni, m,n € Z.

What if those points are assumed to be poles of order two and f has
no other poles?



