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UF Combinatorics PhD Exam — May 2024

(a) Let g(n) be the number of all permutations of length n in which every cycle length is
odd. Find the closed form of the exponential generating function of the sequence g(n).

(b) Let h(n) be the number of all permutations of length n in which every cycle length is
odd and the total number of cycles is odd. Find the closed form of the exponential
generating function of the sequence h(n).

. Prove that a balanced, uniform design is regular. (A design is balanced if every pair of

vertices belong to the same number of blocks. A design is uniform if each block contains the
same number of vertices. A design is reqular if every vertex lies in the same number of
blocks.)

. Prove among any choice of 26 points inside the unit square, there are two points within

distance 0.29 of each other.

. Let G be a simple graph with more than 200 edges. Is it true that if G does not have a

vertex of degree at least 11, then G must contain a matching consisting of at least 11 edges?
Explain.

. Prove that the poset N* does not contain an infinite antichain. (For u,v € N¥ we

define u < v if u; < w; for all i € [k].)

. Let f:[n] — [n] be a function. Let us call f an acyclic function if the diagram of f, that is,

the directed graph on vertex set [n] that has an edge from i to j when f(i) = j, has no
cycles longer than one. Find a formula for the number of all acyclic functions on [n].

Find the number of permutations of length nine whose descent set is {3, 7}.

(a) Let C be a composition of n, and let X(C) be he number of parts of C'. Find E(X).

(b) Let C be a composition of n, and let Y (C') be he number of parts of C' that are equal
to 1. Find E(Y).



