
First-Semester Algebra Exam August 16, 2018

Answer four problems. You should indicate which problems you wish to
have graded. Write your answers clearly in complete English sentences.
You may quote results (within reason) as long as you state them clearly.

1. Let G be a group and let A be a set.

(a) Give the definition of a group action of G on A.

(b) Suppose we have an action of G on A given by (g, x) 7→ g · x for
g ∈ G and x ∈ A. For g ∈ G define σg : A→ A by σg(x) = g · x.
Prove that σg is a permutation of A.

(c) Define φ : G → SA by φ(g) = σg. Prove that φ is a homomor-
phism.

2. Let G be a finite group of order n and let k ∈ Z be such that
gcd(k, n) = 1. Define φ : G→ G by φ(x) = xk for all x ∈ G.

(a) Prove that φ is a bijection.

(b) Give an example which shows that φ need not be a homomor-
phism.

3. Let G, H, K be groups and let φ : G → H, ψ : G → K be homo-
morphisms such that φ is onto and kerφ ⊂ kerψ. Prove that there
is a unique homomorphism α : H → K such that α ◦ φ = ψ.

4. Let G be a group of order 105 = 3 · 5 · 7 with a normal Sylow
3-subgroup. Prove that G is cyclic.

5. Determine all groups of order 76 = 22 · 19 up to isomorphism.

6. Determine all abelian groups of order 800 = 25 · 52 which have at
least one element of order 40.


