Numerical Analysis Qualifying Exam (Spring 2008). Answer any 8 questions.

10.

. Prove that any matrix has a singular value decomposition.

Suppose A and B are square matrices such that AB is normal. Prove that [[ABll2 < || BA||
for any matrix norm ||-|] induced by a vector norm (where

A2 denotes the spectral norm).

Let the singular values of any matrix A in €™ be denoted by o (M) > o2(M) > ... >
a4(M) with ¢ = min(m,n). Prove that if 4 and B are two matrices in €™, then

girj-1(A+ B) < oi(A) +0,(B),

foralli,7=1,2,...,qand i+ 7 <q.

4. Let T be any square matrix and let |-} denote any induced norm. Prove that lim [Tk
n—oc

exists and cquals  inf ”THHI/”-
n=1,2,...

. Suppose @ and R arc the Houscholder QR factors of a well conditioned scuare nonsingular

matrix 4 = @R, computed in a floating point number system of machine precision €pae-
(a) State an algorithn in which you use @ and R to compute an approximation Z to the
solution = of Az = b. (b) Let || || denote any vector norm as well the matrix norm
induced by it. Out of the following three statements A C, pick one that is true, and prove
it. (You may use the backward stability results that you know of without proof.)
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| E
Let Ly f denote the Lagrange interpolant of f € C*a, b] based on an equispaced partition
a=20<Ty <...,< -1 < Tp = b, (a) State an error formula for f(z) — Ly f{zx) in
terms of Newton’s divided differences.  (b) Use L, f to determine an approximation of
the integral

b n
/ f(z)dx by a sum Zwkf(:rk),
@ k=0 n

and find a formula for wy in its simplest form. (c) Show that Zwk =b—a.
k=0

Consider the solution of the equation tanz = 4z/m in the interval [0,7/2] (what is it?),
and how it perturbs due to errors in evaluating the coeficient 4/7. Using Taylor expansion,
give two expressions approximating the difference between the roots of tanz —4z/7 =0
and tanz — (e +4/7)x = 0 in the interval [0,7/2], (a) one in terms of a linear function of
¢, and (b) another in terms of a quadratic function of e.

Leta =29 < 21 < - < Tp_y < Tn = b be a partition P of the interval [a,b] and

f € C?[a,b]. Define what is meant by saying that (a) S, is the “natural” cubic spline
on P interpolating f, and (b) S, is the “not-a-knot” cubic spline on P interpolating f.
(c) Show that S, is a cubic polynomial on [xo, z2].

. Let zg, 21, , Ty be distinct points in a finite interval [a,b] and f € C'la,b]. Show that

for any given £ > 0 there exists a polynomial p such that || f — pll < € and p(z;) = f(z:)
foralli=0,1,--- ,n (where || -|| o denotes the L*>*{a, b)-norm).

Let Zm and T+ be two successive (complex) iterates when Newton’s method is applied
to a polynomial p(z) of degree n. Prove that there is a zero of p(z) in the disk {z € C:
|Z - Zml < n|1‘m+1 - xml}



